ABSTRACT In this paper, we are concerned with the stability analysis of stochastic nonlinear systems with delayed impulses and Markovian switching. Different from the previous literature, the impulses in this paper depend on delays and the jumping parameters are described by a continuous-time Markov chain with a finite-state space. Several novel stability criteria are obtained by using a stochastic Lyapunov function method and the Razumikhin technique. To be less conservative, the Razumikhin condition imposed on the coefficient of the estimated upper bound for the Lyapunov function's time-derivative is improved from a constant to a function, which can be either positive or negative. Finally, we use two examples and their simulations to verify the validity of the theory results.
I. INTRODUCTION
Since two decades ago, impulsive control has been recognized as an efficacious method to model some practical problems efficiently in many areas, such as industry, economics, telecommunications, mechanics and electronics [1] - [4] . In general, stochastic interference is inevitable in practice. In order to describe the system more accurately and design a better control scheme, the influence of stochastic factors must be fully considered in system modeling. Therefore, impulsive stochastic systems have received extensive attention and numerous papers have appeared. In [5] , inputto-state stability was investigated. Several criteria of global exponential stability were further obtained for a category of impulsive stochastic differential equations (ISDEs) in [6] .
On the other hand, systems with Markovian switching are often proposed to describe the physical processes in which the environment changes suddenly or the transitions between different financial models. Stochastic systems with Markovian switching belong to complex systems, whose state spaces are divided into discrete and continuous states. Based on
The associate editor coordinating the review of this manuscript and approving it for publication was Huanqing Wang. this fact, discrete state and continuous state are simulated by Markovian chain and stochastic differential equation, respectively. These models are widely used in many automatic control systems. In 1961, Krasovskii and Lidskii introduced the Markovian switching system in [7] . After then, during the last few decades, many stability results on this topic were derived in the literature [8] - [14] .
Besides impulsive effects and Markovian switching, it should be noted that time delays crop up frequently in practice, which cause instability of the systems. Therefore, delayindependent results are conservative. As a result, the effect of time delays was discussed in [15] - [17] for deterministic systems. Moreover, it was also developed and applied to stochastic systems. For example, Zhu [18] developed a new method--proof by contradiction to study the exponential stability problem for a category of ISDDEs driven by Lévy processes. Kao et al. [19] and Hien et al. [21] resorted some techniques to obtain the stability of different Markovian switching systems, respectively.
Motivated by the above discussion, we consider multiple factors synthetically. In this paper, we have dealt with the exponential stability and almost exponential stability of ISFDEs with delayed impulses and Markovian switching.
Considering the impulsive effects, delay effects, jump effects and stochastic effects, the analysis of stability is much more difficult and complex than before. We have taken the effects of both Markovian jump parameters and delays in states and impulses into account. Furthermore, the coefficient of the estimated upper bound for the Lyapunov function's timederivative has been improved from a constant c to the function b(t), which can be either positive or negative. Owing to the above changes, the obtained results in this paper are more adaptive and creative than some previous conditions in theoretically and numerically.
The remainder of the paper constitues as follows. In Section 2, some definitions and some preliminary notes are introduced. In Section 3, we present our main results. By utilizing the Lyapunov function and Razumikin technique, we propose several innovative sufficient conditions to prove the pth moment exponential stability and almost exponential stability of ISFDEs with Markovian switching and delayed impulses. In Section 4, we present two examples and their simulations to elucidate the validity of the obtained results. Finally, the conclusions are given in the paper in Section 5.
II. PRELIMINARIES
First of all, let us introduce the system, some notations and definitions in this section.
Throughout this paper, the notations are used as follows. I denotes the identity matrix.
Brownian motion, which is defined on a complete probability space ( , F, P). Let τ > 0, p > 0, and define
and such that sup
The induced norm is defined as φ τ = sup −τ ≤θ≤0 |φ(θ )|. Consider the following ISFDEs with delayed impulses and Markovian jumping parameters:
where the initial value φ ∈ PC([−τ, 0]; R n ), the system state
The fixed moments of impulsive times t k , satisfy 0
It is known that r(t) takes a constant in [t k−1 , t k ) for k ≥ 1 and almost every sample path of r(t) is right continuous.
. {r(t), t ≥ 0} is defined on a probability space ( , F, P) taking values in a finite state space S = {1, 2, · · · , N } with generator Q = q ij given by
where > 0, lim →0
•( ) = 0 and q ij ≥ 0 is the transition from mode i to mode j(i, j ∈ S, j = i) and q ii = − N j=1,j =i q ij for each i ∈ S. Presume that both the Markov chain r(·) and Brownian motion w(·) are independent.
As a usual, the functions f , g and I k (k ∈ Z + ) are assumed to satisfy all essential conditions (e.g. the local Lipschitz and linear growth conditions) to ensure that there is a unique solution x(t; t 0 ; φ) of system (1). Furthermore, we give the condition f (0, t, r(t)) ≡ 0, g(0, t, r(t)) ≡ 0, and
and so a trivial solution x(t) ≡ 0 must exist for (1).
Remark 1: The above system is more general and practical than those in [6] and [20] . In this paper, we consider Markovian jumping parameters, whose sample paths are discontinuous to reduce limitations. We will present our creative conditions to prove the stability of system afterward.
Definition 2.2:
The trivial solution of system (1) is said to be (1) pth (p > 0) moment exponentially stable if there are two constants γ , N such that
for all (t 0 , φ,
(2) almost exponentially stable if there are two constants γ ,B such that
III. MAIN RESULTS

Theorem 2:
, and five positive constants p, q, b 1 , b 2 ,b and nonnegative constants ρ 1 , ρ 2 with ρ 1 + ρ 2 < 1 such that:
where e k ≥ 0 and
then the trivial solution of system is pth moment exponentially stable for τ ∈ (0, δ 1 ).
β ≤ e
Define
Based on q > eb δ , there exists two positive coefficients γ 2 , σ satisfying
To begin with, we shall show that when [t 1 , t 2 ), the following holds
In the opposite, we suppose there exists at ∈ [t 0 , t 1 ) such that
}.
Then, we can get
We further define
Consequently, for all t ∈ [t ‡ , t † ], we get
for all θ ∈ [−τ, 0]. By condition (ii), we have
Furthermore, for all t ∈ [t ‡ , t † ],
In the light of the Itô differential formula, one has that
which yields a contradiction. Accordingly, inequality (9) holds. On the other hand,
For
whereβ ≥βeb δ 1 . To ensure generality, we assume the case of that t ∈ [t n−1 , t n ),
For any t ∈ [t n−1 , t n ),
where M = k j=1 {1 + e k }, noting that τ < δ 1 .
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Similar to (18) , for any t ∈ [t n , t n+1 ),
By the same method, the remainder follows directly.
EV (x(t), t, r(t))
<βσ
Therefore, by using the mathematical induction, from the condition (i) and (5), we can get:
In consequence, system (28) is pth moment exponentially stable.
Remark 3: Compared with Zhu [13] and Cheng et al. [24] , the new conditions proposed in this paper overcome the limitations of previous restrictions. In Zhu [13] , require q ≥ e 2cα , we only require eb δ 1 < q. Compared to Cheng et al. [24] , we consider the effect of Markovian switching and also discuss the almost exponential stability in later theorem. Cheng requires e˜c δ 1 < 1 ρ 1 +ρ 2 < q, we only need eb δ 1 < q to get almost exponential stability.
Remark 4: In Theorem 2, by utilizing the Lyapunov function, Razumikhin technique and inequalities, we prove the pth moment exponential stability for the trivial solution. Unlike [22] , we use a totally different method. In this paper, our conditions are more general, which consider the time delay. We also get the almost exponential stability.
Remark 5: Compared the Theorem 2 with Gao et al. [23] , the condition requires ELV ≤ cV . However, we have improved the coefficient of the estimated upper bound for the Lyapunov function's time-derivative from constant c to the function b(t), which can be either positive or negative.
Remark 6: If we ignore the effect of Markovian jumping parameters and delays on the impulse (i.e.,
, the special case were proved in [27] . If b(t) ≡ b, ρ 2 = 0, and e k = 0 for k ∈ Z + , then Theorem 2 becomes the case in [27] . In this sense, our result can be reduced to that in [27] .
Theorem 7: Let p ≥ 1, assumptions as follows fulfill: (i) the impulse times t k hold
(ii) Providing a positive constant L satisfy that for
whereB =Be γ p δ 2sup and
2 )Le
Because it resembles the proof of Theomrem 2 in [6] , the detailed proof is omitted here. As a result, system (1) is almost exponentially stable.
Remark 8:
The condition ELV (ϕ, t, i) ≤ 0 of the Theorem 3.2 in Peng and Zhang [27] implied that the impulses were noneffective. In other words, whether the impulses existed, the system in this paper was stable all the time. However this situation was circumscribed. On this basis, we choose new methods to get the same stability, which only needs ELV (ϕ, t, r(t)) ≤ b(t)EV (ϕ(0), t, r(t)), where b(t) can be either positive or negative. In addition, we also prove the almost exponential stability.
By taking the stochastic factor and other perturbations synthetically into account, the results presented in my paper are more innovative and general, and can be applied to other practical areas.
Remark 9: The theorem mentioned above can be extended to the following ISDDE
whereh(x t , t, r(t)) =h(x(t),
In the system (27), we presume that V is a function satisfy V ∈ v 0 , and constants p, b 1 
Based on above conditions, the system (27) is pth moment exponentially stable with time delay τ .
r(t)).
Then along the proof Theorem 3.1, we can easily prove Theorem 3.2.
Corollary 11: We also can extend the stability to the linear ISDEs as follows:
If the following conditions can be satisfied
The system (28) is pth moment exponentially stable. Remark 12: Time delay phenomenons are widely existed in practical application and linear systems are also used frequently. Especially, for a large or complex system, time delays are caused by many factors. Therefore, multiple time delays are encountered constantly. On account of this, compared with [14] , we extend them to the ISDDEs with multiple delays and linear systems, which have a wider range of applications.
IV. TWO EXAMPLES
In this part, we give two examples to elucidate the efficacy of the theorems acquired.
Example 13: Premeditate a two-dimensional impulsive linear ISDDE with Markovian switching:
wherex(t) = (x 1 (t),x 2 (t)) T , ω(t) denotes a two-dimensional Brownian motion. The {r(t), t ≥ 0} takes values in S = {1, 2}
The parameters of system (29) are given as follows:
Apparently, the above system is unstable if there is no impulses, and the numerical simulation of this linear ISDDE with respect to the initial condition ξ = [−0.3, 0.4] T , is given in Figure (a) . Choose Lyapunov function as follows:
where ρ i (i = 1, 2) > 0. Clearly, we can easily prove
On the other hand,
By using Itô's formula and some inequalities, it is easy to get the result. Since the computational process is simple, we omit it here. In fact, similar details can be found in [13] .) By our Theorem 2, we can make use ofx(
to exponentially stabilize system (29). By choosing ρ 1 = 0.02, ρ 2 = 0.03, q = 3, we can get 2 , where b(t) ≡b = 0.7674. Then take H 0 = 0.08, H 1 = 0.002, τ = 2, δ = sup k∈Z + {t k − t k−1 } = 0.85, From Theorem 2, we can easily prove that system (29) is mean square exponentially stable and the corresponding numerical simulation is given in Figure (b) . By Theorem 7, we can see that system (29) is almost exponentially stable.
Remark 14: This is a special case, if b(t) ≡b, which has been mentioned in Remark 9. Compared with [27] , the Markovian jump and delay in impulse were ignored.
Example 15: Consider an ISFDEs with Markovian switching as follows: 
V. CONCLUSION
Throughout this paper, we have introduced some new conditions to investigate the pth exponential stability and almost exponential stability of ISFDEs. We also consider the effect of delayed impulses and Markovian switching. Moreover, the coefficient c of the estimated upper bound for the Lyapunov function's time-derivative has been improved as the function b(t), which can be either positive or negative. We also extend methods to the ISDDEs with multiple time delays and linear ISDEs systems. Therefore, our results in this paper are less circumscribed and more practical, which can be applied to more general systems in the future.
